Binary pulsars are affected by general relativity (GR), causing the spin axes 1 of each pulsar to precess. We present polarimetric radio observations of PSR J1906+0746 that demonstrate the validity of the geometrical model of pulsar polarisation. We reconstruct the (sky-projected) polarisation emission map over the pulsar's magnetic pole and predict the disappearance of the detectable emission by 2028. Two additional tests of GR are performed in this system, including the spin-precession for strongly self-gravitating bodies. We constrain the relativistic treatment of the pulsar polarisation model and measure the pulsar beaming fraction, with implications for the population of neutron stars and the expected rate of neutron star mergers.
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Pulsars are fast-spinning neutron stars of mass ∼ 1.2 − 2.2 solar masses (M ⊙ ) with strong magnetic fields that emit a beam of radio waves along their magnetic axes above each of their opposite magnetic poles. Einstein's theory of general relativity (GR) predicts that space-time is curved by massive bodies. Predicted effects of this include relativistic spin-precession in binary pulsars (1) . This precession arises from any misalignment, by an angle δ, of the spin vector of each pulsar with respect to the total angular momentum vector of the binary, most likely caused by an asymmetric supernova explosion imparting a kick onto (one of) the neutron star(s) (2, 3) .
This precession causes the viewing geometry to vary, which can be tested observationally.
As a pulsar rotates, its radio beams sweep the sky. If one of the beams crosses our line of sight (LOS), its emission is perceived as being pulsed, that, when averaged over several hundreds of pulsar rotations, typically forms a stable pulse profile. Evidence for a variable pulse profile attributed to changes in the viewing geometry caused by spin-precession have been observed and modelled for the binary pulsar B1913+16 (4, 5) . Polarisation information can provide an additional and independent tool to study relativistic spin-precession (6, 7) . We expect that the position angle (PA) sweep of a pulsar's linearly polarised emission due to geometrical effects can be described by the Rotating Vector Model (RVM) (8) . This simple model, which assumes a magnetic dipole centred on the pulsar, relates the PA to the projection of the magnetic field line direction as the pulsar beam rotates and crosses our LOS. The resulting gradient of the PA sweep as a function of the pulsar rotational phase (9) depends only on the magnetic inclination angle α and the impact parameter β (i.e. the angle of closest approach between the observer direction and the magnetic axis). For LOSs crossing opposite sides of the same magnetic pole, the RVM predicts opposite slopes of the PA swing, which becomes steeper for smaller β (10) . RVM has been extended to include rotational and relativistic effects between the pulsar and observer frame (11, 12) , in principle allowing emission heights for the observed radio emission to be estimated. Although the RVM matches observations of young pulsars that present a smooth PA swing (13) , deviations are also observed, so for large emission heights the pure dipole approximation may not be valid for a rotating plasma-loaded magnetosphere (14) .
Evidence for the central assumption of all these models, i.e. the geometrical meaning of the PA sweep, has so far been missing.
When PSR J1906+0746 (position 19
h 06 m 48.86 s + 07
• 46 ′ 25.9 ′′ , J2000 equinox), a young pulsar with spin period P S ∼ 144 ms in a 4-hr orbit around an other neutron star, was discovered in 2004 (15) , it showed two polarised emission components separated by nearly half a period (or ∼ 180 deg of pulse longitude). The "main pulse" (MP) and "interpulse" (IP) indicated a nearly orthogonal geometry where emission from both magnetic poles is visible from Earth.
Comparison with archival data from the Parkes Multibeam Pulsar Survey (PMPS) (16) revealed that only the stronger MP had been visible in 1998 (15) , suggesting effects of relativistic spin precession. Timing analysis of this pulsar (17) has measured three relativistic corrections to the orbit, the Post-Keplerian (PK) parameters. Two of the PK parameters, the periastron advanceω and the time dilation γ, allow us to determine a pulsar and companion mass of m p = 1.29 ± 0.01 M ⊙ and m c = 1.32 ± 0.01 M ⊙ , respectively, assuming GR is correct. The third PK parameter, the orbital decay due to gravitational wave emissionṖ b , is consistent with these measurements, providing a 5% test of GR (17) . GR also provides an estimate of the orbital inclination angle i = 43.7 ± 0.4
• or 136.3 ± 0.4
• (due to a 180
• degeneracy) and the spin precession rate Ω p = 2.234 ± 0.014
• yr −1 . Independent measurements of these two terms are potentially observable in precessing systems, allowing these GR predicted values to be tested.
Observations of the Double Pulsar (18) and PSR B1534+12 (7, 19) The progressive steepening of the PA curve under the IP eventually leads to a flip of the PA around May 2014 (although it appears flat due to the 180 • ambiguity in the PA), followed by a flattening. This behaviour is in agreement with the RVM for a pole crossing our LOS. The observed change in the PA curve provides the evidence that the PA swing has a geometrical origin linked to the magnetic field.
The presence of MP and IP emission, covering a wide range of pulse longitudes, allows a precise determination of the viewing geometry as a function of time. We performed a simultaneous modelling of the polarimetric profiles using the RVM including the effects of relativistic spin-precession (21) , hereafter referred to as the 'precessional RVM'. A total of 53 parameters are included in this model (see Table S1 ); the main parameters are the angle between the ro-tation axis and the magnetic axis of the MP, α MP , the misalignment angle, δ, the inclination angle, i, and the precession rate, Ω p . The phase of the inflection point of the RVM under the MP, φ 0 MP,k for each epoch k was also included in the analysis as a free parameter. The geometry of the system is illustrated in Fig 1. We used the Bayesian sampling tool POLYCHORD (22) to explore the parameter space of the model (20) . The 1-σ uncertainty intervals were derived from the one-dimensional marginalized posterior distributions (shown in Fig. S3 ), giving the 68 per cent confidence level on each parameter.
We measure α MP = 99
• .41±0
• .17 (and therefore α IP = 180
combined with a separation between the MP and IP close to 180
• confirms that PSR J1906+0746
is an orthogonal rotator and that the MP and IP emissions originate from opposite magnetic poles. The large δ = 104
• is consistent with the pulsar having formed in an asymmetric supernova (SN) explosion, producing a tilt of the spin axis of the younger pulsar in the binary pair (17) relative to the pre-SN orbit (3) . As the spin vector contribution to the total angular momentum vector is negligible, we also interpret δ as the angle between the orbital angular momentum vector and the pulsar spin vector. With δ ∼ 104
• , this suggests that the pulsar spin axis lies close to the orbital plane of this binary system. This analysis independently determines Ω p = 2.17 ± 0.11 deg yr −1 and i = 45
addition to the three previously measured PK parameters (17) . This allows us to perform two additional self-consistent tests of GR in this system (see Fig. 2 ). Both values agree with the GR predictions within 1σ. The constraint on Ω p tests GR at a 5% uncertainty level, tighter than the precession rate measurement in the Double Pulsar system (18) . The parametrization of our model allows us to determine i without ambiguity, in contrast to information obtained solely from pulsar timing where only sin i can be derived.
From our fitted model, we can describe the evolution of the impact parameters for both the MP and IP, β MP (t) and β IP (t) (see Fig. S4 ) and the latitudinal extent of the pulsar beam (i.e. the largest value of |β| for which emission is observed). Our model predicts that in 1998 β MP ∼ 5 With our determination of the geometry of the system, we can use the observed pulse profiles recorded at different epochs, including the reprocessed PMPS data (20) , to reconstruct (20) the sky-projected beam maps of the radio emission from both magnetic poles ( Fig. 3 ) and its polarisation properties (Fig. 4) . Previous attempts at mapping the pulsar emission have been published for other pulsars, e.g. (23) . Such plots must not be viewed as strict maps of active fieldlines anchored on the polar cap, but rather as projections of the emission on the sky.
The map shows emission from both sides of the IP magnetic pole, ruling out models predicting that radio emission is restricted to one side of the pole (e.g. (24)). The IP emission pattern is not symmetric in the latitudinal direction or with the MP. The IP weakens when our LOS crosses the magnetic pole. This finding matches theoretical predictions of the current density in the polar cap in case of an orthogonal rotator, albeit at low radio emission height (25, 26) .
Radio emission is produced at a height above the pulsar where any higher-order magnetic field components should have diminished. In a standard scenario where emission is produced in the entire open field-line region, we would expect the radio beam to be circular. Yet the observed beam is elongated and smaller in the longitudinal direction than expected (Fig. 3 ).
The passage of the LOS over the IP magnetic pole coincides with a drop in fractional linear polarisation. At the same time, the circular polarisation (Stokes V) appears to change sign when crossing the magnetic pole ( Fig. 4 and S5) (20) . The fractional linear polarisation of the MP decreases as our LOS moves away from the centre of the MP beam while some unpolarised pulse components are shown to appear and disappear on timescales of months (20) .
If we assume that the emission region is symmetric around the magnetic meridian and that the radiation is beamed in the forward direction of the relativistic charge flow along the magnetic field lines, then the rotation of the pulsar magnetosphere in the observer frame causes the pulse profile to precede the magnetic meridian and the PA to lag it.
Models predict that the total phase shift ∆φ S between the midpoint of the pulse profile and the inflection point of the PA swing is given by ∆φ S ≈ 4h em /R LC , where h em is the emission height and the light cylinder radius R LC = cP S /2π, with c being the speed of light (11, 12) . This relationship is expected to be valid for small emission heights, h em 0.1R LC . But these models predict different contributions to the aforementioned shifts in the pulse profile and the PA curve.
There is also a shift of the PA in absolute value but this can be neglected here as α ∼ 90
• (27) .
Measuring the phase shifts ∆φ S MP,k for the MP at a given epoch k (and its impact parameter,
, gives an estimate of the MP emission heights h em MP,k , assuming all shifts are due to rotational effects. The emission heights for the IP, h em IP,k , can be derived in the same way, also using the RVM inflection points for the IP given by φ 0 IP,k = φ 0 MP,k + 180
• . These results show that the emission heights range from close to the surface of the pulsar for low impact parameter β (when our LOS is atop of the magnetic pole), to about 320 km for large β, matching the theoretical prediction (28) ( The latitudinal extent of a pulsar beam determines the pulsar beaming fraction (i.e. the portion of sky illuminated by the pulsar beam). This parameter affects the predicted number of Galactic double neutron stars (DNSs) population and, hence, the expected gravitational wave detection rate for neutron star mergers (29) . Usually the latitudinal extent of the beam cannot be independently determined and so the expected beam radius ρ for a conal emission beam is used.
This beam shape is usually expected, although its internal structure and/or filling factor is still a matter of debate (10) . Based on beam cuts given by pulsar profiles, various studies (e.g. (30)) have suggested ρ ∼ 6.5
, where the dependence on P S is consistent with the expectation for dipolar field lines.
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Geometry of PSR J1906+0746. The pulsar rotates with a spin period P S = 144 ms around its spin vector S shown with the vertical red arrow. S precesses with a period of P p = 360
• /Ω p ∼ 160 yr around the total angular momentum vector (misaligned by the angle δ from S) that can be approximated by the orbital momentum vector X, perpendicular to the Y − Z orbital plane. i is the orbital inclination angle. As the pulsar spins, its magnetic pole corresponding to the MP emission, B MP , and inclined with an angle α MP sweeps the sky along the dashed blue trajectory. The MP beam, with the extent pictured by the dotted blue circle, crosses our LOS represented by the K vector if |β MP | < 22
• . This allows us to observe a cut, shown with the red curve, through the MP beam. After half a rotation of the pulsar, our LOS can also potentially cut through the IP beam if |β IP | < 22
• . For clarity, only the MP beam is shown. To calibrate in polarisation the Nançay archival data, we applied a matrix-template matching calibration scheme (31, 32) . We construct the Jones matrix (33) by comparing a well-calibrated observation of a reference pulsar to a non-calibrated observation of the same pulsar recorded with the same backend at the same observing frequency.
We choose the millisecond pulsar (MSP) PSR B1937+21 as our reference pulsar due to its well known polarimetric properties (34), large flux density and high observing cadence at Other archival data were discarded because they could not provide calibrated polarisation information or because the S/N of the pulse profiles was too low to contribute to the analysis while increasing the dimensionality of our modelling.
In March 2012, we exploited the then newly available PUPPI backend at the Arecibo radio telescope to resume the monitoring of PSR J1906+0746 at 1.38 GHz, usually observed for 2 hours on a monthly basis. We have 33 calibrated observations spanning March 2012 to June 2018. These new data allow for polarisation and flux calibration of the recorded Stokes profiles through observations of a pulsed noise diode and the quasar PKS 2209+080.
We measured the effect of Faraday rotation on Stokes Q and U of the BON and PUPPI data and found the average rotation measure (RM) to be 152.3 ± 0.7 rad m −2 , in agreement with previous results (15) . The ASP data were not used to estimate the RM due to their limited bandwidth but all data were corrected for Faraday rotation using the average RM. These observations are summarized in Table S2 .
In addition to the data described above, we reprocessed the PMPS (16) we dedispersed and folded these time-series data, using the estimated dispersion measure, DM = 217 pc cm −1 , and pulse period of the pulsar, P S ∼ 144.079 ms, respectively, to create an average pulse profile. Due to the 3-MHz wide channels used to record the PMPS data, intra-channels dispersion, τ DM ∼ 2ms, is expected to widen the observed pulse profile that consists of a single component (see Fig S1) . This component is assumed to be the MP (15) RVM fitting with MODELRVM To fit the PA of the linear polarisation to the RVM, we follow the International Astronomical Union convention that measures the PA counter-clockwise on the sky. We also make use of the technique introduced in PSRMODEL as part of the PSRCHIVE package (37) that models the observed linear polarisation L as a complex quantity, L = Q + iU, given the measured Stokes parameters Q and U. In PSRMODEL, the phase of L, i.e. the PA Ψ, is predicted by the RVM while the amplitude of L is a free parameter. Modelling the complex L has a number of advantages (37), e.g. the errors on Q and U are normally distributed.
However, the dimensionality of the modelling increases linearly with the number of data points included. We derive the complex RVM model that allows us to fix the amplitude of L instead of setting it free, greatly reducing the dimensionality of the problem. This approach has been introduced in MODELRVM (38). In MODELRVM, the estimation of the RVM parameters can be done with traditional χ 2 -minimization techniques through the MINUIT library from the ROOT data analysis package (39) or using the nested sampling softwares MULTINEST (40) and POLYCHORD (22) .
The likelihood Λ of using the Q and U data is
where L k , σ Q k and σ U k are the modelled complex linear polarisation intensity and the noise levels of Q and U in the k-th pulsar phase bin, respectively.
where the amplitude L n,k is a free parameter and Ψ k is predicted by the RVM given α, β, the phase of the RVM inflection point φ 0 , and the PA value at phase φ 0 , ψ 0 . N bin is the number of phase bins under the MP and IP that satisfy the criteria L > 1.5σ N , where σ N is the standard deviation of the total-intensity off-pulse noise. In total, we have 2N bin data points and N bin + 4 model parameters.
Now, in order to reduce the dimensionality of the model and search only for the four parameters of interest, i.e. α, β, φ 0 and ψ 0 , we marginalize over the parameters
where q k = cos 2Ψ k and u k = sin 2Ψ k .
We used the likelihood Λ ′ in MODELRVM to estimate for all epochs the four RVM parameters sampled from uniform priors with MULTINEST. The results of β MP and β IP derived from the modelling of the RVM using φ 0 MP and φ 0 IP , respectively, are shown in Table S2 .
Precessional RVM As previously discussed in the literature, we expect the absolute PA value of PSR J1906+0746 to change as a function of time due to the precession of its spin axis around the total angular momentum vector (6, 21) . To model this effect in the 'precessional RVM', we combined the likelihood Λ ′ from Equation S2 with the equations 2 to 9 from (21).
The required parameters are α MP , δ, a reference precessional phase Φ 0 and a reference PA Table S1 .
As small deviations from the RVM are observed for regions where we expect our line of sight to be extremely close to the magnetic pole, we excluded from our analysis a phase range of ∼ 3
• atop of the pole for the 8 epochs recorded between MJD 56500 and 57000. As these phase ranges also correspond to dips in the observed linear polarisation, we performed a phaseresolved RM analysis on these data (averaged over ∼ 0.35
• of pulse phase) to check for potential pulsar magnetospheric effects on the polarisation (see e.g. (41) ). However no trend were observed within our uncertainties of order 10-20 rad m −2 .
To account for possible variations in the RM coming from e.g. ionospheric electron content Because the PMPS data partially suffer from dispersion by the interstellar medium, the MP emission from the 1998 LOS represented in the Stokes I emission map (panel (F) in Fig. 3 ) is slightly broadened compared to its intrinsic width. For clarity, the vertical extent of the 1998 observation, represented by the gap between the two dotted curves, has been exaggerated.
Polarisation of the beam Stokes V and the gradient of the PA are shown to flip sign as our LOS crosses the IP magnetic pole (Fig. S2 and S5) . A correlation between PA and a change of sign in Stokes V at the pulse profile midpoint has previously been deduced from a set of pulsars with single LOS observations (42) and matches theoretical predictions (43).
Caustic emission Twisted magnetospheres can cause "caustics" from the superposition of emission originating at different locations in the (e.g. outer) magnetosphere, as commonly proposed to explain the shape of light-curves from γ-ray pulsars (e.g. (14)). At radio frequencies such caustics should be depolarised (44), and we speculate that they may be responsible for the • , the black data points represent the PA ψ of the linear polarisation and the red curve shows the predicted RVM curve from the maximum likelihood value of our precessional RVM model. For the 8 profiles between MJD 56500 and 57000, the 3
• -phase ranges atop the IP magnetic pole and corresponding to grey PA values were excluded from the fit. The PA wraps every 180
• . The MJD of the averaged profiles are written in the upper panels. 
